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The asymptotic methods described permit calculation of the burning 
rate and the temperature and concentration fields in a condensed 
medium. 

w The known m e c h a n i s m s  of propagat ion  of a 
f i r s t - o r d e r  exo thermic  r eac t ion  f ront  in the con-  
densed phase (combust ion of gas l e s s  composi t ions ,  
p r o g r e s s i v e  po lymer iza t ion ,  combust ion  of nonvola t i le  
condensed subs tances ,  l i nea r  pyro lys is )  lead to the 
s t eady- s t a t e  p rob lem of de t e rmin ing  the concen t ra t ion  
and t e m p e r a t u r e  f ields and the burn ing  ra te  f rom the 
equations 

d~T dT 
k - - - - u p c  + h ~ ( a ,  7 ) = 0 ,  

d x  ~ 

u p - -  da 
~-x + O ( a ,  T ) = O  

with the condit ions 

( i) 

x = - - ~ ,  T = T o ,  a = l ;  

dT (2) 
x = O ,  T = T n ,  k -- q , ~ O ,  

dx 

where  k, p, and c a r e  constants  and r  =ap  x 
x B exp [ - E / R T ]  at T1 < T ~ Tn, and ~(a,  T) =- 0 at To -< 

--< T -< T 1. The heat  flow qn to the condensed med ium 
may be der ived  f rom external  sources  or f rom exo-  
t h e r m i c  r eac t ions  in  the gas o r  smoke-gas  (fizz zone) 
phase in the p r e s e n c e  of d i spe r s ion .  However,  cases  
a r e  a lso  poss ib le  in which the re  is no flow of heat  
f rom the gas i f ica t ion  products  to the condensed phase,  
i .e . ,  qn = 0. 

Assuming  that  h > 0 as a r e s u l t  of the exo thermic i ty  
of the p r o c e s s e s  involved, we can eas i ly  demo ns t r a t e  
the monotonica l ly  i n c r e a s i n g  cha rac te r  of the funct ion 
T(x, u), i.eo, dT /dx  > 0 at - ~  < x < 0. In tegra t ing  s y s -  
t em (1) f rom - ~  to 0, and us ing  condit ion (2), we 
obtain 

T n = T o +  qc + h [ l - - a ( 0 ,  u)], q o = - - q n > / O ,  
u p c  c 

whence, by v i r tue  of the condit ion 0 -< a (0 ,u)  < 1, we 
have T n > T 0. 

In [1] it  was shown that  t he re  exis t s  a unique so lu-  
t ion of p rob l em (1), (2), while in [2] an approximate  
solut ion based  on averag ing  the t e m p e r a t u r e  grad ien t  
in  the r eac t i on  zone was obtained.  A s i m i l a r  approx i -  
ma te  method, involving the approximat ion  of the source  
r  T) in  the r eac t i on  zone, was proposed in [3]. 
Special cases  of the p rob l em were  inves t iga ted  in 

[4, 5], where  approx imat ions  in which the convect ive  
t e r m  is d i s r e ga r de d  were  obtained for  va r ious  types 
of chemica l  r eac t ions .  In all  these  s tudies  of the 
t he rma l  theory of combust ion ,  it  is  a s s u m e d  that  the 
ac t iva t ion  energy is much g r e a t e r  than the t h e r m a l  
energy  of the molecu les  ( E / R T n  >> 1). 

Reta in ing  this  a s sumpt ion ,  we wish to propose  
an approximate  but, in our  view, s i m p l e r  and more  
r igorous  method of solving p r ob l e m (1), (2). 

F i r s t ,  we reduce  p r ob l e m (1), (2) to d i m e n s i o n l e s s  
form,  se t t ing 

_ Tn - -  T dT/dx /- k exp • 
Z Tn - - ~ '  y -- T n - - T  O ]. /  pcB ' 

1//-c~e~-p n 
m = u  V ~ , 

E To 
•  , X = I - - - -  

RT,~ 7",,' 

h 7~ - -  T1 

c (T,~  - -  T o )  ~ = ' T,~ - -  T O 

~4 
qo exp -~- 

d =  
( r ~ - -  To) V ~  ' 

• ) at 0- .<z<6,  ~0 (z) = exp 1 - -  ~ z 

~ (z )~O at 5 r 1 6 2  ( 0 < 5 < 1 ) .  (3) 

Clear ly ,  for de t e r mi n i ng  the funct ions  a(z,  m), y(z, m) 
and the p a r a m e t e r  m on the in te rva l  0 <_ z _-_ 5, we 
have the p r o b l e m  

dg 
g--~-z + m g - - ~ a q ~ ( z ) =  O, 

da (4) 
mg - -  -- a ,~ (z) = O, 

dz 

z = O, g = d, (41) 

z = 5 ,  g = m ( 1 - - 5 ) ,  a = l .  (4") 

Since sys t em (4) has a f i r s t  in tegra l ,  under  condit ions 
(4") we obtain 

g(z, m ) = m [ 1 - - z - f ~  + ~a(z ,  re)l, (5) 

where  at  0 < z _ 6 y(z, m) > 0 and by v i r tue  of {4D, the 
sur face  concen t ra t ion  a(O, m) = a(m) is  

a ( m ) = - - j -  - - 1 + ~  , 0~.~ct(m)<l .  (6) 
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Using e x p r e s s i o n s  (5) and (6) and making  the change 
of v a r i a b l e s  

z 

dv  = ~ (z)dz, v = [~(s)ds ,  (7) 
0 

we obtain the  p r o b l e m ,  equiva len t  to p r o b l e m  (4) - (4" ) ,  

dv 1 z (o) - -  ~ + ~5 a 
- s  , ~ = m  ~, (8) 

da a 

a = a (~), v = 0, (8') 
8 

a = l ,  v=S(p(s)d~.  (8") 
0 

F o r  the  e a s e s  of m o s t  p r a c t i c a l  i n t e r e s t ,  x >> 1, and 
X = 0 .5 -0 .9 .  Hence,  the  c h e m i c a l  r e a c t i o n  t akes  p lace  

ma in ly  in the r e g i o n  of t e m p e r a t u r e s  c l o s e  to the  
s u r f a c e  t e m p e r a t u r e  Tn, i . e . ,  in the r eg ion  of sma l l  
z and v. Then expanding the funct ion z(v) in s e r i e s  
in a ne ighborhood  of v = 0 and d i s c a r d i n g  s m a l l  t e r m s  
of the  second  o r  h ighe r  o r d e r ,  in a c c o r d a n c e  with  
t r a n s f o r m a t i o n  (7), we have 

z(v)~v. (9) 

Subst i tu t ing  (9) into (8) and i n t e g r a t i n g w i t h  o b s e r v a n c e  
of condi t ion (8'),  we obta in  

a 1 �9 ( 1 0 )  
+ ~ l + e  

Now, us ing  condi t ion (8") and not ing tha t  nX >> 1 

8 1 

j' ~ (~) d~ ~ J" ~ (~) d~, 
0 0 

we have a t r a n s c e n d e n t a l  equat ion fo r  the p a r a m e t e r  e: 

1 

Y (~) -~ .[r (s) ds + (6 - -  1) [1 - -  (a (e))~ l - -  
o 

[1 - -  (a (8)) '+~1 = 0. (11) 
- I~ i - ~  

We now show tha t  Eq. (11) has  a unique so lu t ion  at  
any  va lue  of fl > 0. Since 

1 I 

Y (d 2) = ~ (p (s) ds, 0 < .[ (p (s) ds < 1, 
0 0 

at  fl _> 1, d >_ 0 Y(e) changes  s ign  f r o m  plus  to minus  
on the i n t e r v a l  d 2 < e < oo, whi le  a t  0 < fl < 1, d > 0, an 
analogous  change in the  s ign of  the  funct ion Y(e) on the 
i n t e r v a l  d 2 < e < d2/(1 - fl)2 o c c u r s  if  the  fol lowing 
condi t ion is  s a t i s f i e d :  

' ~ ( i  - -  ~)~ 
~ ( s ) d s < l  ( l - -~)  *q-d~ 
0 

Thus, the existence of a solution of Eq. (11) has 
been p roved .  F o r  th is  so lu t ion  to be  unique,  i t  is  n e c -  
e s s a r y  tha t  the  funct ions  Y(e) d e c r e a s e  mono ton ica l ly  
on the c o r r e s p o n d i n g  i n t e r v a l s ,  i . e . ,  Y~ < 0. Since 
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dY __ ~a  l+e [ s ( 1  + e )  3 a~ d 
d~ ( l + ~ ) ~  L T ~ V ~  + l - z -  

d - - ( ~ - - 1 )  V % - ,  t / l \  l+* / 1 '  '+* ] (12) 
- - 

t lJ 
and, in a c c o r d a n c e  with (6), ~ - <  0 a t  d_> 0, as  a 

r e s u l t  of the fac t  that  1 + l n x  < x at  x > 1, the  d e r i v a -  
t ive  of the funct ion Y(e) is  nega t ive  at  fl > 1, d _> 0; 
fl-< 1, d >  0. 

The c a s e  fl = 1, d = 0 does  not r e q u i r e  addi t ional  
inves t iga t ion ,  s ince  when the condensed  m e d i u m  is  
c o m p l e t e l y  burned  up in the  a b s e n c e  of ex t e rna l  s o u r c e s ,  

= 0 and f r o m  Eq. (11) t h e r e  fo l lows 

1 

.[ q~ (s) ds 

8 = o (13) 
I 

' - - f  qD (s)ds 
0 

and the funct ions  a(z ,  e), y(z,  e) have the  fo rm 

z 

~ (s) ds 

a(z, e)..~. ~ , y(z, s)..~]/e-[a(z, e ) - -z] .  (14) 
r (s) ds 

0 

We note  that  w h e n f l = l ,  d = 0 ,  as  w h e n f l > l ,  d = 0  
( incomple te  combus t ion  of the  m a t e r i a l  in the con-  
densed  phase  and burnup in the auto igni t ion  r e g i m e  
ou t s ide  the condensed  m e d i u m  i n t h e  a b s e n c e  of e x t e r -  
nal  s o u r c e s ) ,  the  r e s u l t s  of [4, 5] g ive  va lues  of the  
burn ing  r a t e  l ower  than those  given by Eq. (11). In the 
ge ne ra l  c a se  the  p r o p a g a t i o n  ve loc i ty  e of the  f l a m e  
f ron t  depends on the two p a r a m e t e r s  fi and d, i . e . ,  on 
the t e m p e r a t u r e  and the hea t  f lux at  the  s u r f a c e  of the  
condensed  med ium.  The l a t t e r  m a y  be given in each 
spec i f i c  c a se  by c e r t a i n  add i t iona l  r e l a t i o n s .  

Thus,  having found e f r o m  Eq. (11), on apply ing  
r e l a t i o n s  (7) and (10) we a p p r o x i m a t e l y  compute  the 
funct ion a(z ,  e) g iven i m p l i c i t l y  by 

Then, in a c c o r d a n c e  with (5), we find y(z,  s) and the 
funct ion z = z(x, e) 

x = - -  ]/ ~P B ~  o l - - s - - ~ + ~ a ( s ,  e) ' (16) 

and, hence,  the  t e m p e r a t u r e  and concen t r a t i on  f i e lds  
T = T n [1 - kz(x,  e)] and a(x,  e). Accord ing  to (5), the 
burning  r a t e  

" =  V ~ e x p / , -  ~-)"  (17) 

w 2. We now c o n s i d e r  the  burning  of a powder  f r o m  
the s tandpoin t  of the  p r o c e s s e s  tak ing  p l a c e  in the  
condensed  phase  in the  c a s e  of a z e r o - o r d e r  r e a c t i o n  
and a s s u m e  that  the  d i s p e r s i o n  of the condensed  m a t e -  



r i a l  is  not  a c c o m p a n i e d  by  a hea t ing  effect .  Then 
the s t a r t i n g  s t e a d y - s t a t e  s y s t e m  of equat ions which 
d e s c r i b e  the combus t ion  p r o c e s s  have the f o r m  [6] 

k d~T - - u p c  dT 
dx ~ ~ + hdp (7") = O, 

u = up + ud, up = B exp RT(x, 

cP (T) = B p exp ( ----~T-T ) at TI < T .(. T~, 

(T) -= 0 at  To ~ T ~ 7"1. (18) 

To d e t e r m i n e  the t e m p e r a t u r e  f i e ld  T(x ,u)  and the 
burn ing  r a t e  u, we i m p o s e  on s y s t e m  (18) the  boundary  
condi t ions  

x = - - o o ,  T=To;  x = 0 ,  T = T n .  (19) 

In t roduc ing the  d e g r e e  of d i s p e r s i o n  ~d = Ud/U and c a r -  
r y i n g  out t r a n s f o r m a t i o n  (3), we have  on the  i n t e r v a l  
0 _< z _< 6 the  p r o b l e m  for  d e t e r m i n i n g  the p a r a m e t e r  
m and the function y(z,  m) :  

dy 
v - ~ z  + my - ~ r (z) = o, 

z = 0 ,  g = m [ l - - ( 1 - - B d ) ~ ] ,  

z = 6 ,  g = m ( 1 - - 6 ) ,  0 < 6 < 1 .  (20) 

As d i s t i nc t  f r o m  Merzhanov  and Dubovi t sk i i  [7], we 
app ly  the  Z e l ' d o v i e h  p r o c e d u r e  [8] to p r o b l e m  (20) and 
d e t e r m i n e  the burn ing  r a t e  

m ~ - -  (p (s) ds �9 (21) 
1 - -~la  

F o r  f i a m e l e s s  combus t ion ,  when the p r o c e s s  depends  
only on the hea t  r e l e a s e d  in the  condensed  phase  Tn = 
= T o + (h /e) (1  - */d) and 

/// r n ~  ] 2~ j'T(s)ds. (22) 
0 

In the  absence  of d i s p e r s i o n ,  Vd = 0 and 

(23) 

Equat ions (21) and (23) d e t e r m i n e  the  p a r a m e t e r  m 
with a r a t h e r  high d e g r e e  of a c c u r a c y ,  exceed ing  that  
of the method p r o p o s e d  in [6, 7]. To d e t e r m i n e  the  
function y{z, m) and,  hence ,  T(x ,u)  a t  m < 1, we can 
use  an a s y m p t o t i c  a p p r o x i m a t i o n  having the f o r m  

N 

g (z, m) ~ ~ mkyk (z), 
h=O 

(24) 

w h e r e  yk(z) (k = 0, 1, 2 , . . . ,  N) a r e  found f rom the r e -  
c u r r e n c e  d i f f e r en t i a l  equat ions  ob ta ined  by subs t i tu t ing  
(24) into (20) and equat ing t e r m s  with l ike  power s  of in. 

Example .  Let  xX = 17, ~Td = 0, fl = 0.912, ~o(z) = 
--- exp ( -xXz) .  F r o m  (23), m = 0.359 (numer i ca l  i n t e -  
g-ration of s y s t e m  (20) g ives  m = 0.362; the  f o r m u l a  in 

[7] g ives  m = 0.329). 
of s e r i e s  (24), we have  

g(z, m),-~. I /  2~ (1 - - r  • I ~ • 

[ -~-X ( l n t l + V l - - r  i - - r  
x - 

Confining o u r s e l v e s  to two t e r m s  

d y e - - -  cp (z) 

--(I--~) ]. (25)  

Since,  f r o m  (25), m can be  ca l cu l a t ed  c o r r e c t  to 3% 
(m = 0.374), the  d e t e r m i n a t i o n  of the funct ion y(z,  m) 
is  su f f i c ien t ly  a c c u r a t e .  

w With  c e r t a i n  s imp l i fy ing  a s s u m p t i o n s ,  the i n -  
ves t i ga t ion  of the p a r t i c u l a r  c l a s s  of l iquid  and fus ib le  
homogeneous  nonvola t i l e  condensed  s u b s t a n c e s  whose  
combus t ion  m e c h a n i s m  was  examined  in [9] r e d u c e s  to 
s y s t e m  (1), w h e r e  @(a, T) - 0 at  T o ~ T-< T 1, h > 0 
and 

cP(a, T ) ~ B p a  I 1  + ( 1 - - a )  • 

( _ _ ) ]  • P RT 1 exp - -  at  T>T~.  (26) 

To d e t e r m i n e  the funct ions  T(x ,u) ,  a ( x , u )  and the 
burning  r a t e  u, we i m p o s e  on s y s t e m  (1) the  condi t ions  

x = - - ~ ,  T=To,  a = l ;  x = ~ ,  a=O, ---dT = 0 . ( 2 7 )  
dx 

As in w 1, we note tha t  d T / d x  > 0 on the i n t e r v a l  
(-oo < x < ~)  and Tn = To + h / c .  Set t ing 

p ~  m 2 

= RTno ~ = - - ~  (28) 

and us ing  e x p r e s s i o n s  (3) and (7) to t r a n s f o r m  the 
s t a r t i n g  s y s t e m ,  we obta in  

g(z, m) ~ m(a --z), (29) 

w h e r e  the  concen t ra t ion  a (z ,  e) and the p a r a m e t e r  e 
a r e  found f r o m  the p r o b l e m  

dv - - = s F ( v ,  a), F(v, a)= 
da 

= a - z ( ~ )  [~ + ( l - a ) ( 1 - ~ -  ~z(~))], (30) 
a 

5 

a = 0 ,  v = 0 ;  a = l ,  v =  ~cg(s)ds , 0 < : 6 < 1 .  (31) 

If we a s s u m e  that  1 - ~r - X > 0, which is a lways  s a t -  
i s f i ed  in p r a c t i c e ,  we can e a s i l y  p rove  the e x i s t e n c e  
of a unique so lu t ion  of  p r o b l e m  (30), (31) and show 
that ,  fo r  su f f i c ien t ly  l a r g e  va lues  of ~X, 

2 i ~ ( s ) d s < e <  0,5. (32) 

Using (32) we find the  so lu t ion  of Eq. (30) in the  f o r m  
of an a s y m p t o t i c  s e r i e s :  

v (a, e) = e vl (a) + e~ v~ (a) + 8 ~ v~ (a) + . . .  ( 3 3 )  
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Substituting (33) into (30) and expanding the function 
F(v, a) in powers of e, 

F (v, a) = F (O, a) + e Fv (O, a) vl + 
E 2 

+ -~ [Fv* (0, a) v~ -}- 2Fv (0, a) v~] + . . . .  

after equating terms with like powers of e, we obtain 
the following differential recur rence  relations for 
determining the coefficients of series (33): 

dr1 =F(O, a), dos = Fv(O, a) ol(a), 
da da 

dr3  _ 1 Fv.(O, a)~(a) + Fv(O, a)v~(a) ete. (34) 
da 2 

Bearing in mind that z = z(v) is given by relation (7) 
and attaching to system (34) the conditions vi(0)= 0 
(i = 1, 2 . . . .  ), which follow from (31) with a = 0, we 
obtain, on confining ourselves to three terms of ser ies  
(33), 

vl (a) = a [1  ----l--n2 a ] , 

v . ( a ) = - - a +  [ 3  (I--~)--~,]~-+ 

-i-[~2 (3-n) (I--n)212 a~3 X (1--g)  a ~ ' 8  

v . ( a ) = a - - - -  ( ~ - - 2 ) +  ( l - - a ) - -  X + 
2 q- T 

+ (1 - - X - - ~ ) x  

- - - -  ~ (1 - - ~ )  + 

+ 6 (X ( 3 - - ~ ) - -  (1 - -g) ' )  + 

3 

+ - ~  (X (3 - -  ~ )  - -  (1 - -  z02)  - -  

- x)~(1 - - ~ )  
(1 

(ux4-  2 - -  
4 

\ - -  

(35) 

We can now use condition (31) with a = 1 and obtain a 
cubic equation for the approximate determination of 
the parameter  

! 

v3(1)s3 +v2(l)e2 Tvl(1)e--J'~(s)ds=O. ( 3 6 )  

0 

Having computed the root of this equation satisfying 
condition (32), we find m 2= eTr and, in accordance 
with (3), the burning rate u. Using representation (7), 
we can approximately find the function a(z, e) from 
expression (33) and then, in accordance with (29), we 
find y(z, m). The temperature and concentration in the 
condensed medium are calculated as in w using a 
single quadrature. Calculations based on Eqs. (35) and 
(36) gave very good agreement when compared with 
the results of numerical integration [9]. 

NOTATION 

T is the temperature  of the condensed medium; T O 
is the temperature of the starting substance remote 
from the combustion zone; Tn is the temperature at 
the surface of the burning substance (or the maximum 
temperature,  if there is no surface); x is the linear 
coordinate; a is the concentration of the condensed 
substance; c is the specific heat; k is the thermal 
conductivity; p is the density; h is the energy release 
of the processes  in the condensed phase; u is the 
burning rate; E is the activation energy; R is the gas 
constant; Up is the linear decomposition rate; B is the 
preexponential; u d is the linear dispersion rate; p is 
the pressure;  p is the mean molecular weight of the 
gaseous products; 6 is the "cutoff" parameter  of the 
function ~(z). 
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